-

PHYSNET
&

MAGNETIC DIPOLES

MISN-0-130

@ject PHYSNET: Physics Bldg.- Michigan State University- East Lansing,W

MAGNETIC DIPOLES
by
Kirby Morgan

1. INtro dUuCtioON ..

2. Fundemen tals of Magnetic Dip oles
a. Dening the Magnetic Dipole Moment ...................
b. A Typical Magnetic Dipole ......................ooas.

3. Magnetic Field due to aDipole.........................

4. Existence of Magnetic Dip oles
a. The Simplest Magnetic Structure is the Dipole ..........
b. A Current Loop is a Magnetic Dipole ....................
c. A Bar Magnet Consistsof Tiny Current Loops ...........

5. Dip ole In External Field
a. Torque on a Magnetic Dipole .............. ... ... ...
b. Work Done on a Magnetic Dipole .......................
c. Potential Energy of a Magnetic Dipole ...................

6. Electric/Magnetic Dip ole Analogy .....................

Acknowledgmen tS........ooiiiiii i



ID Shest: MISN-0-130

Title: Magnetic Dip oles

Author: Kirby Morgan, HandiComputing, 319 E. Henry, Charlotte, Ml
48813

Version: 11/6/2001 Evaluation: StageO

Length: 1 hr; 20 pages
Input  Skills :

1. Vocabulary: electric dipole, electric dipole momert, point dipole
(MISN-0-120).
2. Calculate the torque, potential energy and work for an electric
dipole in an external electric "eld (MISN-0-120).
3. Calculate the torque on a current loop in an external magnetic
“eld (MISN-0-123).
Output  Skills (Kno wledge) :

K1. De ne the magnetic dipole moment (vector) for a system of N
(‘ctitious) magnetic monopoles.

K2. De ne the magnetic dipole momert for a magnetic dipole.

K3. Explain the existenceof magnetic dipolesin spite of the apparent
non-existenceof magnetic monopoles.

K4. Write expressiondor the torque, work, potential energy and "eld
of magnetic dipoles.
Output Skills (Problem Solving) :

S1. Determine the torque on a magneticdipolein an external magnetic
“eld and the work doneon it in changing its orientation.

S2. Determine the potential energy of a given magnetic dipole or sys-
tem of dipolesin an external "eld.

S3. Determine the magnetic "eld at somegiven point in spacedue to
a given magnetic dipole.

Post-Options :

1. \The Seard for Magnetic Monopoles" (MISN-0-140).
2. \Magnetic Fields in Bulk Matter: Magnets" (MISN-0-141).

THIS IS A DEVELOPMENT AL-STAGE PUBLICA TION
OF PROJECT PHYSNET

The goal of our project is to assista network of educatorsand sciertists in
transferring physicsfrom one personto another. We support manuscript
processingand distribution, along with communication and information
systems. We also work with employers to identify basic scierti ¢ skills
as well as physics topics that are neededin scienceand technology. A
number of our publications are aimed at assistingusersin acquiring suc
skills.

Our publications are designed: (i) to be updated quickly in responseto
“eld tests and new scierti ¢ dewvelopmerts; (ii) to be usedin both class-
room and professionalsettings; (iii) to show the prerequisite dependen-
cies existing among the various chunks of physics knowledge and skKill,
as a guide both to mental organization and to use of the materials; and
(iv) to be adapted quickly to speci ¢ user needsranging from single-skill
instruction to complete custom textb ooks.

New authors, reviewers and eld testers are welcome.

PROJECT STAFF

Andrew Schnepp Webmaster
EugeneKales Graphics
Peter Signell Project Director

ADVISORY COMMITTEE

D. Alan Bromley Yale University
E.Leonard Jossem The Ohio State University
A. A. Strasseiburg  S.U.N.Y., Stony Brook

Views expressedin a module are those of the module author(s) and are
not necessarilythose of other project participants.

°c 2001, Peter Signell for Project PHYSNET, Physics-Astronomny Bldg.,
Mich. State Univ., E. Lansing, Ml 48824;(517)355-3784.For our liberal
usepolicies see:

http://www.physnet.org/home/modules/license.html



MISN-0-130 1

MA GNETIC DIPOLES

by
Kirb y Morgan

1. Intro duction

The magnetic dipole momert is de ned in a manner similar to the
electric dipole momert. This analogy can be made even though the mag-
netic monopole has never beenobsened in an experimert.

2. Fundemen tals of Magnetic Dip oles

2a. Dening the Magnetic Dip ole Momen t. The magnetic dipole
momert can be de ned in a manner analogousto that for the electric
dipole momert.*2 The magnetic quantit y that correspondsto an electric
chargeis the magnetic monopole (or, for short, magnetic pole).® Although
a magnetic monopole has never beenobsened it neverthelessis usedto
de ne the generalexpressionfor the magnetic dipole momert.

Consider a collection of N magnetic monopoles, my, my, ...my.
Relative to a xed coordinate system, ead pole is located at a point
given by a vector r; 1 for my, t for m,, etc. (seeFig. 1). The magnetic
dipole moment % (or, for short, the magnetic moment) is a vector de ned

as:
X
L7 mufg+ Moo + 110+ My mity: Q)

2b. A Typical Magnetic Dip ole. The most commondipole momert
vector is the magnetic dipole: two equal but opposite magnetic poles
separatedby a distance . For example, most of the external e®ectsof a
small bar magnet, such as a compassneedle,can be viewed as resulting
from equal but opposite polesat its two ends. With the strength of the

1See\Electric  Dip oles" (MISN-0-120).

20bserving a magnetic monopole would be like nding only a\North" pole or only
a\South" pole of a magnet. In Nature, North polesand South poles are always found
together in pairs.

3See\Magnetic Monop ole" (MISN-0-140).

40bserving a magnetic monopole would be like nding only a \North" pole or only
a \South" pole of a magnet. In nature, North polesand South poles are always found
together.
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Figure 1. Magnetic monopolesm; located at positions .

polestaken as+m and j m, the dipole momernt of this magnet is found
from the generalde nition, Eq.(1). It is:

L=mfi My = m(f2 i f1); 2

wherery | t, = Tis the vector separation of the two poles. The magnetic
dipole momert can thus be written:

b= my 3)

where by de nition T points from the South pole to the North pole (j m
to m, seeFig.2). Eq.(3) is analogousto the expressionp = df for the
electric dipole momert. As in that case,the magnetic dipole momert of
two equal but opposite polesis independert of the coordinate systemused
to describe it: it is a property of the system.

3. Magnetic Field due to a Dip ole

The electric dipole analogyis not strictly correctbut it canprovide us
with the correct expressionfor the magnetic eld producedby a magnetic
dipole. By the samemethod used for the electric dipole,®> the magnetic
“eld dueto apoint magneticdipole(i.e. adipolewhosesize,", is negligible
comparedwith the distancer to the point wherethe “eld of the dipole is
obsened) is:®

B =kn O 00 T (o) @

5See\Electric Dip oles" (MISN-0-120).
6km ~ 100 7 N/A 2= 101 “kgm/C 2 Help: [S-1]
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Figure 2. A common magnetic dipole with dipole momernt
L=mm

The "eld lines for a dipole oriented along the z-axis are indicated in
Fig. 3.

4. Existence of Magnetic Dip oles

4a. The Simplest Magnetic Structure is the Dip ole. In electric-
ity, the isolated charge g can exist by itself; but in magnetism, isolated
magnetic poles have never beenobsened. The simplest magnetic struc-
ture is the magnetic dipole, which is characterized by the magnetic dipole
momert . The most familiar example of a magnetic dipole is a bar mag-
net. Iron Tings sprinkled on a sheetof paper placed over a bar magnet

Figure 3. (a) A magneticdipole oriented in the z-direction;
(b) Magnetic "eld lines around this dipole.
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Figure 4. Iron TTings placed of a sheetof paper over a bar
magnet help in visualizing the magnetic "eld lines.

producea pattern that suggestghe dipole may be viewed astwo magnetic
poles,one at ead end of the magnet (seeFig. 4). Howewer, all attempts
to isolate thesepolesfail. If the bar magnetis cut in half, the halvesalso
turn out to be magnetic dipolesand not isolated poles.

4b. A Curren t Loop is a Magnetic Dip ole. The explanation for
the behavior of the bar magnet can be approaced by rst examining the
magnetic eld of a circular loop of current. The magnetic eld produced
by a circular loop of current is identical to that produced by a point

Figure 5. The dipole momert of a circular
current loop is perpendicular to the plane of
X the loop.
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magnetic dipole (seeEqg. (4) and Fig. 3), sothe loop is alsoa dipole.

Considera current loop in the x-y plane of area A carrying a current
| in the direction indicated in Fig. 5. The loop hasa dipole momert along
the normal (n) to the plane of the loop given by ~ = 1 AA. The direction
of the normal is given by a right hand rule: when the "ngers of the right
hand curl in the direction of the current, the thumb points along the
normal.

4c. A Bar Magnet Consists of Tiny Curren t Loops. The fact
that a current loop is a magnetic dipole suggeststhat the real sourcesof
the dipole eld producedby a bar magnetare tiny currents at the atomic
level. These currents are produced by orbital electronsin the atoms of
the bar magnet. In a bar magnet, the tiny magnetic dipole momerts are
aligned sud that they add together to produce a strong magnetic “eld. ’
Now it is apparert why the magnet always hastwo poles: no matter how
it is cut, it will always still contain the tiny current loops which give it
its dipole "eld.

5. Dip ole In External Field

5a. Torque on a Magnetic Dip ole. A magnetic dipole placedin an
external magnetic "eld experiencesa torque. The torque on a magnetic
dipole - placedin an external magnetic eld B is

t=L£B: (5)
Compare this expressionto that for an electric dipole in an electric "eld:
¢=pEE: (6)

If ~ makesan angle p with the external magnetic "eld asshawn in Fig. 6,
then:
¢ = uB sinu @)

Thus the torque on the current loop (or any magnetic dipole) is a maxi-
mum for u= 90* and zerofor u= 0*.

5b. Work Done on a Magnetic Dip ole. Sincea magnetic dipole
placedin an external magnetic eld experiencesa torque, work (positive
or negative) must be done by an external agert in order to change the
orientation of the dipole.

7See\Magnetic Fields in Bulk Matter: Magnets" (MISN-0-141).
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Figure 6. A dipolein an exter- Figure 7. A dipoleisrotated

nal magnetic “eld. in a magnetic Field.

Let us calculate how much work is done by the "eld when rotating
the dipole from angle ya to pg asshown in Fig. 7. Sincethe forcesvary,
we must integrate F ¢ds, which can be simpli'ed to®

z Hs

Wae = ¢dp (8)

" z U
= 1B sinpdp 9)

Ha
= 1B (cCospys | COSHa): (20)

This can be written as?

Wag = (i CB)ju=ps i (i * OB)ju=pn: (11)

5c. Potential Energy of a Magnetic Dip ole. A magnetic dipole
has potential energy since the work depends only upon the initial and
“nal positions, not the path taken. As was done for the electric dipole,
we will set the potential energy Ep equal to zero when the dipole is at
right anglesto the “eld, i.e., when u= 90*. Thus the magnetic potential
energy of a magnetic dipole is

Ep(W) = i Wgpeyy = UB(cos90* i cosp):

or:
Ep=i 1B cosp=j - ¢B: (12)

8See\Electric Dip oles" (MISN-0-120) for the steps in this simpli cation.
9This shows that the units of & are J/T [S-2].

10
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6. Electric/Magnetic  Dip ole Analogy

The table belov summarizessomerelationships that are mathemati-
cally similar for electric and magneticdipoles. In addition, the dimensions
of the quartities (in terms of the fundamertal dimensionsM, L, T, Q)
are given as reminders of both the similarities and the di®erences.

Quantit y/Prop erty Electric Magnetic
Monopole Charge q [Q] | m [LTi Qi 1]
Dipole Moment p=q [QL] | == m™ [L2TilQi Y]
Field at + due to | E= . B = .
point dipole at origin | | (BP¢O)F P P il L

¢ sy m rs r3

[MLT! 2Qi 1] MT7 Q]

Forceon monopoleat | F = (E, F = mB,
t dueto dipole at ori- | using above E using above B
gin [MLTi 2] [MLTi 2]
Torque exerted on | ¢= p£ Eex &=L £ Bext
dipole placed in ex- [ML2Ti 2] [ML2Ti ?]
ternal "eld
Potential Energy of | E; = i pCEex Ep=i *¢Bex
dipole in external [ML2Ti 2] [ML2Ti ?]

“eld

Ac knowledgmen ts

This module was basedon an earlier module by P. Sgka, J. Kovacs,
and P. Signell.  Preparation of this module was supported in part by
the National ScienceFoundation, Division of ScienceEducation Devel-
opmert and Researt), through Grant #SED 74-20088to Michigan State
University.
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PR OBLEM SUPPLEMENT
Note: Problems 9 and 10 also occur in this module's Model Exam.

1. A point dipole, with magnetic momernt %, is in an external magnetic
“led Bo¥ where By is a constart.

a. Determine the torque on the dipole for ead of these conditions:

() ~=1%8.
(i) ==19.
(i) == 1%
(iv) ==y

b. Determine the potential energy of the dipole in ead of the four
orientations givenin part (a).
c. Determine the work donein turning the dipole:
(i) from R to ¥.
(i) from R to j R.
(i) from ¢ to j R.

2. Consider a point dipole, at the origin, with magnetic momen * =
(j 10' 2m?si 1C) % in a uniform external magnetic eld B = 50T ¥.
Determine:

a. the potential energy of the dipole.
b. the torque on the dipole.
3. A magnetic dipole ~ = 1 is located at the origin of a coordinate

system. Determine the magnetic “eld(magnitude and direction) at
ead of the points a, b, ¢, d showvn in the sketch:

12



MISN-0-130

PS-2

(Oyo) % a

Y

(0!' yO) ¢C

4. Determine the magnetic "eld at ead of the four points in Problem
(3)if =20 Ti )R and xo = 0:01m, yo = 0:01m.

5. The magnetic momert * of a po

int dipolein a constart magnetic "eld

B, makesan angle of 30* with the "eld.

a. Determine the potential energy of the dipole.

b. Determine the torque on the

dipole.

6. Determine the magnetic eld at points a, b, ¢, d shavn below if the
magnetic dipole makesan angle of 45* with the positive x and y axes

in the x-y plane.

y
(Oyo) ta
C T\ 45
d Uy \ b
@ @ X
(_ )(010) (XO!O)
(01' yO) e C

13
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7.

10.

. A dipole -, =

PS-3

A point dipole with magnetic momert % is in an external "eld
B = BgR. Sincetorque and potential energy have the same units,
determine the direction(s) in which the dipole must be pointing if
its torque and potential energy are to be \equal." Determine the
work that must now be doneto reoriernt the dipole soit points in the
direction of the “eld.

1.y is located at the origin, while another, ~, = 1 ,¢,
is located at the point x = xg, y = 0.

a. Write down the expressionfor the magnetic "eld at the site of -,
dueto %,.

b. Treating the "eld dueto -; asa eld external to &, (asit is), nd
the potential energy of -, in this "eld, hence nding the interac-
tion potential energy of thesetwo dipoles.

y

up A Uo
[
X0

c. Find the interaction potential energyif xo = 0:05m, ;= 3JTi 1
and 1, = 2JTi 1 Put in the proper units of all quantities and
assureyourself that all of the units combine properly to give the
appropriate units for your answer.

. A point dipolewith magnetic momert - = 1,2+ ! ¢ isin an external

magnetic eld B = BoX.

a. What is the torque on the dipole?

b. Find the potential energy of the dipole.

¢. How much work must be doneto reorient the dipole soit points in
the direction of the "eld?

A point dipole +; = 1% is at the origin, while at x = 0,y = yp is
located another dipole +, = 1 ,%.

14
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a. What is the magnetic eld at the site of ~, dueto +,?

b. Find the energy of the systemusingyg = :04m, 1, = :5JT/ ! and
1,=:6JTi1

Uz

Uy

Brief Answ ers:

l.ag=%+*£B
() €= 1RE£ Bop = 1B o2
(i) ¢=19£ Boy=0.
(i) €= i1RE£ BoP=i 1B o2
(iv) ¢=i*9£ Boy=0.
b. E, = i - ¢B.
(i) Ep=i1BoR¢y=0.

(i) Ep=iBog¢y=iBo.
(i) Ep= 1B oR ¢y = 0.
(iv) Ep=1B o9 ¢y =1B .

CW=(i “8B)u=yg i (i “¢B)u=p,-
() W=iBoi 0=i'Bo.
(i) W=0j 0= 0.
(i) W=20ij (i 'Bo)='Bo.

2.a Ep=(¢B = (j 10 2m?s 1C)R¢50T) ¢ = 0.

15

Atc B =i 0:2%T.
At d: B = +0:4RT.

5. a. Ep=j~¢B =i !Bocos30" = j 0:866B o.
b. jgj = j* £ Bj = !B ¢sin30* = 0:5!B .

6_1._:15%'9";y
2
Ata . p_
3yop 1Ry 2
B =k —— | ——P=— = km—=( R+
m ‘pz—ygl yg_p? mzyg (I 29)

7. ¢=1Bosiny E, = j B gcosp
sosinp = j cospy which meansu= 135 or 315
W = j 1B o(cosO* | cosl35) = | 1:707B .
W = j 1B o(cosO* | cos315) = j 0:239B .

MISN-0-130 PS-5
b.z=L£B=(j 102m2s 1C)RE£ (50T)¢= j 0:5Nm?2,
where we have used: T = kgs ' Ci 1,
BREA 1R°
3. B = km r—5| I'_3 .
3y (R ¢ 1R 1
At a: = yof; B = knyy 3Y o(® 9)yoy 59)y°91 — =i km 3%
yo yo yO
) 1 1 ° 1
Atb £ = xoR; B = ky X 0RFXR ERT_ o e
X0 X0 Xo
i 3y (R 69)(i 1R 1
At C F= i yof B = kn i 3y ol 59)(|y09)i i Ry
Yo Yo Yo
’ H 1 H 1 > 1
At d: £=j XoR; B = K 'SXO(R?)('XOk)i —f = Km —3R.
Xo X0 X0
s AL 12 (10 7TmCi !s)(2m2s 1C) %
i 7TmCi s)(2m?s
B =i km% = (0:01m)? = 0:2RT.
Ath B = K 12 (10 'TmCils)2m3s 1C)R _ 048 T
T (1=2)(0:01m)3 S

16
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8. a.Lzly;_ = XoR _

5=k g 5 Sk 01 F = kg,

CEp= i FCB =190 km;—éy’ = kml)l(lgz.

10.

_ (100 "mkgCi ?)(2m?s 1C)(3m?3s 1C) _

. Ep = 48£ 10 3.

(5£ 10 2m)3

a. ¢=1,Bo2.
.Ep:ileo.
- W= j 1B o+ txBo,

1 = 12 12
= X+ T

B = 2k 119
. - myg .

. Zero.

17
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SPECIAL ASSIST ANCE SUPPLEMENT

AS-1

S-1 (from TX-3)

mkgCi 2 S
T=tesla= ——=—— = kgs 1Ci L.
esla s gs

T is the Sl unit for magnetic “elds.

(from TX-5b)

W = 1B (cosps i COSHa)
J= (units of 1) T
units of 1 = JTil= (kgm?s ?)=(kgs’Ci 1) = m?s 1C.

18
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Brief Answ ers:
MODEL EXAM

1. Seethis module's text.

1. Explain how there can be magnetic dipolesin nature while there don't 2. Seethis module's text.

seemto be magnetic monopoles. o
3. SeeProblem 9 in this module's Problem Supplement

2. For both electric and magnetic dipoles, write the corresponding ex- ) ) '

3. A point dipole with magnetic momert - = *,%+ 1 ¢ isin an external
magnetic eld B = BoX.
a. What is the torque on the dipole?
b. Find the potential energy of the dipole.
¢. How much work must be doneto reorient the dipole soit points in
the direction of the "eld?

4. A point dipole &, = 1% is at the origin, while at x = 0,y = yp is
located another dipole &, = 1,%.

a. What is the magnetic eld at the site of &, dueto +;?

b. Find the energy of the systemusing yo = 0:04m, 1; = 0:5JTi !
and1, = 0:6JTi 1

Uz

Uy

19 20



