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MA GNETIC DIPOLES

by

Kirb y Morgan

1. In tro duction

The magnetic dipole moment is de¯ned in a manner similar to the
electric dipole moment. This analogy can be madeeven though the mag-
netic monopole has never beenobserved in an experiment.

2. Fundemen tals of Magnetic Dip oles

2a. De¯ning the Magnetic Dip ole Momen t. The magnetic dipole
moment can be de¯ned in a manner analogousto that for the electric
dipole moment. 12 The magnetic quantit y that corresponds to an electric
chargeis the magneticmonopole (or, for short, magneticpole).3 Although
a magnetic monopole has never beenobserved,4 it neverthelessis usedto
de¯ne the generalexpressionfor the magnetic dipole moment.

Consider a collection of N magnetic monopoles, m1, m2, . . . mN .
Relative to a ¯xed coordinate system, each pole is located at a point
given by a vector ~r ; ~r 1 for m1, ~r 2 for m2, etc. (seeFig. 1). The magnetic
dipole moment ~¹ (or, for short, the magnetic moment) is a vector de¯ned
as:

~¹ ´ m1~r 1 + m2~r 2 + : : : + mN ~r N ´
NX

i =1

mi ~r i : (1)

2b. A T ypical Magnetic Dip ole. The most commondipole moment
vector is the magnetic dipole: two equal but opposite magnetic poles
separatedby a distance `. For example, most of the external e®ectsof a
small bar magnet, such as a compassneedle,can be viewed as resulting
from equal but opposite poles at its two ends. With the strength of the

1See\Electric Dip oles" (MISN-0-120).
2Observing a magnetic monopole would be lik e ¯nding only a \North" pole or only

a \South" pole of a magnet. In Nature, North poles and South poles are always found
together in pairs.

3See\Magnetic Monop ole" (MISN-0-140).
4Observing a magnetic monopole would be lik e ¯nding only a \North" pole or only

a \South" pole of a magnet. In nature, North poles and South poles are always found
together.
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Figure 1. Magnetic monopolesmi located at positions ~r i .

poles taken as + m and ¡ m, the dipole moment of this magnet is found
from the generalde¯nition, Eq. (1). It is:

~¹ = m~r 1 ¡ m~r 2 = m(~r 2 ¡ ~r 1); (2)

where~r 1 ¡ ~r 2 = ~l is the vector separation of the two poles. The magnetic
dipole moment can thus be written:

~¹ = m~̀; (3)

where by de¯nition ~l points from the South pole to the North pole (¡ m
to m, seeFig. 2). Eq. (3) is analogousto the expression~p = q~l for the
electric dipole moment. As in that case,the magnetic dipole moment of
two equalbut opposite polesis independent of the coordinate systemused
to describe it: it is a property of the system.

3. Magnetic Field due to a Dip ole

The electric dipoleanalogyis not strictly correct but it canprovide us
with the correct expressionfor the magnetic ¯eld producedby a magnetic
dipole. By the samemethod used for the electric dipole,5 the magnetic
¯eld dueto a point magneticdipole(i.e. a dipolewhosesize,`, is negligible
comparedwith the distance r to the point where the ¯eld of the dipole is
observed) is:6

~B (~r ) = km

·
(3~¹ ¢~r )~r

r 5 ¡
~¹
r 3

¸
; (` ¿ r ): (4)

5See\Electric Dip oles" (MISN-0-120).
6km ´ 10¡ 7 N/A 2 = 10¡ 7 kg m/C 2 Help: [S-1]
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Figure 2. A common magnetic dipole with dipole moment
~¹ = m~l.

The ¯eld lines for a dipole oriented along the z-axis are indicated in
Fig. 3.

4. Existence of Magnetic Dip oles

4a. The Simplest Magnetic Structure is the Dip ole. In electric-
it y, the isolated charge q can exist by itself; but in magnetism, isolated
magnetic poles have never been observed. The simplest magnetic struc-
ture is the magnetic dipole, which is characterizedby the magnetic dipole
moment ~¹ . The most familiar exampleof a magnetic dipole is a bar mag-
net. Iron ¯lings sprinkled on a sheet of paper placed over a bar magnet

z z

y

y

x x

r
`

+m

- m

l

l ` 0

u
`

= m z
`

l

a) b)

Figure 3. (a) A magnetic dipole oriented in the z-direction;
(b) Magnetic ¯eld lines around this dipole.
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Figure 4. Iron ¯lings placed of a sheetof paper over a bar
magnet help in visualizing the magnetic ¯eld lines.

producea pattern that suggeststhe dipolemay beviewedastwo magnetic
poles,one at each end of the magnet (seeFig. 4). However, all attempts
to isolate thesepolesfail. If the bar magnet is cut in half, the halvesalso
turn out to be magnetic dipolesand not isolated poles.

4b. A Curren t Lo op is a Magnetic Dip ole. The explanation for
the behavior of the bar magnet can be approached by ¯rst examining the
magnetic ¯eld of a circular loop of current. The magnetic ¯eld produced
by a circular loop of current is identical to that produced by a point

z

y

x

r
`

I Figure 5. The dipole moment of a circular
current loop is perpendicular to the plane of
the loop.
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magnetic dipole (seeEq. (4) and Fig. 3), so the loop is also a dipole.

Considera current loop in the x-y plane of areaA carrying a current
I in the direction indicated in Fig. 5. The loop hasa dipole moment along
the normal (n̂) to the plane of the loop given by ~¹ = I A n̂. The direction
of the normal is given by a right hand rule: when the ¯ngers of the right
hand curl in the direction of the current, the thumb points along the
normal.

4c. A Bar Magnet Consists of Tin y Curren t Lo ops. The fact
that a current loop is a magnetic dipole suggeststhat the real sourcesof
the dipole ¯eld producedby a bar magnet are tiny currents at the atomic
level. These currents are produced by orbital electrons in the atoms of
the bar magnet. In a bar magnet, the tiny magnetic dipole moments are
aligned such that they add together to produce a strong magnetic ¯eld. 7

Now it is apparent why the magnet always has two poles: no matter how
it is cut, it will always still contain the tiny current loops which give it
its dipole ¯eld.

5. Dip ole In External Field

5a. Torque on a Magnetic Dip ole. A magnetic dipole placed in an
external magnetic ¯eld experiencesa torque. The torque on a magnetic
dipole ~¹ placed in an external magnetic ¯eld ~B is

~¿ = ~¹ £ ~B : (5)

Compare this expressionto that for an electric dipole in an electric ¯eld:

~¿ = ~p £ ~E: (6)

If ~¹ makesan angleµ with the external magnetic ¯eld as shown in Fig. 6,
then:

¿ = uB sinµ: (7)

Thus the torque on the current loop (or any magnetic dipole) is a maxi-
mum for µ = 90± and zero for µ = 0±.

5b. W ork Done on a Magnetic Dip ole. Since a magnetic dipole
placed in an external magnetic ¯eld experiencesa torque, work (positive
or negative) must be done by an external agent in order to change the
orientation of the dipole.

7See\Magnetic Fields in Bulk Matter: Magnets" (MISN-0-141).
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Figure 6. A dipole in an exter-
nal magnetic ¯eld.
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Figure 7. A dipole is rotated
in a magnetic Field.

Let us calculate how much work is done by the ¯eld when rotating
the dipole from angle µA to µB as shown in Fig. 7. Since the forcesvary,
we must integrate ~F ¢d~s, which can be simpli¯ed to8

WA;B =
Z µB

µA

¿dµ (8)

= ¹B
Z µB

µA

sinµdµ (9)

= ¡ ¹B (cosµB ¡ cosµA ): (10)

This can be written as:9

WA;B = (¡ ~¹ ¢~B )jµ= µB ¡ (¡ ¹ ¢~B )jµ= µA : (11)

5c. Poten tial Energy of a Magnetic Dip ole. A magnetic dipole
has potential energy since the work depends only upon the initial and
¯nal positions, not the path taken. As was done for the electric dipole,
we will set the potential energy Ep equal to zero when the dipole is at
right anglesto the ¯eld, i.e., when µ = 90±. Thus the magnetic potential
energyof a magnetic dipole is

Ep(µ) = ¡ W90± ;µ = uB (cos90± ¡ cosµ):

or:
Ep = ¡ ¹B cosµ = ¡ ~¹ ¢~B : (12)

8See\Electric Dip oles" (MISN-0-120) for the steps in this simpli¯cation.
9This shows that the units of ~¹ are J/T [S-2].
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6. Electric/Magnetic Dip ole Analogy

The table below summarizessomerelationships that are mathemati-
cally similar for electric and magneticdipoles. In addition, the dimensions
of the quantities (in terms of the fundamental dimensionsM , L , T, Q)
are given as reminders of both the similarities and the di®erences.

Quan tit y/Prop ert y Electric Magnetic

Monopole Charge q [Q] m [LT ¡ 1Q¡ 1]

Dipole Moment ~p = q~̀ [QL ] ~¹ = m~̀ [L2T¡ 1Q¡ 1]

Field at ~r due to
point dipole at origin

~E =

ke

·
(3~p ¢~r )~r

r 5 ¡
~p
r 3

¸

[MLT¡ 2Q¡ 1]

~B =

km

·
(3~¹ ¢~r )~r

r 5 ¡
~¹
r 3

¸

[MT ¡ 1Q]

Forceon monopole at
~r due to dipole at ori-
gin

~F = q~E,
using above ~E

[MLT¡ 2]

~F = m ~B ,
using above ~B

[MLT¡ 2]

Torque exerted on
dipole placed in ex-
ternal ¯eld

~¿ = ~p £ ~Eext

[ML 2T¡ 2]
~¿ = ~¹ £ ~Bext

[ML 2T¡ 2]

Potential Energy of
dipole in external
¯eld

Ep = ¡ ~p ¢~Eext

[ML 2T¡ 2]
Ep = ¡ ~¹ ¢~Bext

[ML 2T¡ 2]
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PR OBLEM SUPPLEMENT

Note: Problems 9 and 10 also occur in this module's Model Exam.

1. A point dipole, with magnetic moment ~¹ , is in an external magnetic
¯led B0ŷ where B0 is a constant.

a. Determine the torque on the dipole for each of theseconditions:

(i) ~¹ = ¹ x̂.
(ii) ~¹ = ¹ ŷ.
(iii) ~¹ = ¡ ¹ x̂.
(iv) ~¹ = ¡ ¹ ŷ.

b. Determine the potential energy of the dipole in each of the four
orientations given in part (a).

c. Determine the work done in turning the dipole:

(i) from x̂ to ŷ.
(ii) from x̂ to ¡ x̂.
(iii) from ŷ to ¡ x̂.

2. Consider a point dipole, at the origin, with magnetic moment ~¹ =
(¡ 10¡ 2 m2s¡ 1C) x̂ in a uniform external magnetic ¯eld ~B = 50T ŷ.
Determine:

a. the potential energyof the dipole.

b. the torque on the dipole.

3. A magnetic dipole ~¹ = ¹ x̂ is located at the origin of a coordinate
system. Determine the magnetic ¯eld(magnitude and direction) at
each of the points a, b, c, d shown in the sketch:

12
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(0,y )0

(- x ,0)0 (x ,0)0

(0,- y )0

a

b

c

d
x

y

4. Determine the magnetic ¯eld at each of the four points in Problem
(3) if ~¹ = 2(J T ¡ 1) x̂ and x0 = 0:01m, y0 = 0:01m.

5. The magnetic moment ~¹ of a point dipole in a constant magnetic ¯eld
~B0 makesan angle of 30± with the ¯eld.

a. Determine the potential energyof the dipole.

b. Determine the torque on the dipole.

6. Determine the magnetic ¯eld at points a, b, c, d shown below if the
magnetic dipole makesan angleof 45± with the positive x and y axes
in the x-y plane.

(0,y )0

(- x ,0)0 (x ,0)0

(0,- y )0

a

b

c

d
x

y

45°
u
`
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7. A point dipole with magnetic moment ~¹ is in an external ¯eld
~B = B0x̂. Since torque and potential energy have the same units,
determine the direction(s) in which the dipole must be pointing if
its torque and potential energy are to be \equal." Determine the
work that must now be done to reorient the dipole so it points in the
direction of the ¯eld.

8. A dipole ~¹ 1 = ¹ 1ŷ is located at the origin, while another, ~¹ 2 = ¹ 2ŷ,
is located at the point x = x0, y = 0.

a. Write down the expressionfor the magnetic ¯eld at the site of ~¹ 2

due to ~¹ 1.

b. Treating the ¯eld due to ~¹ 1 as a ¯eld external to ~¹ 2 (as it is), ¯nd
the potential energy of ~¹ 2 in this ¯eld, hence¯nding the interac-
tion potential energy of thesetwo dipoles.

y

x
u
`

2u
`

1

x0

c. Find the interaction potential energy if x0 = 0:05m, ¹ 1 = 3J T¡ 1

and ¹ 2 = 2J T¡ 1. Put in the proper units of all quantities and
assureyourself that all of the units combine properly to give the
appropriate units for your answer.

9. A point dipole with magnetic moment ~¹ = ¹ x x̂ + ¹ y ŷ is in an external
magnetic ¯eld ~B = B0x̂.

a. What is the torque on the dipole?

b. Find the potential energyof the dipole.

c. How much work must be doneto reorient the dipole so it points in
the direction of the ¯eld?

10. A point dipole ~¹ 1 = ¹ 1ŷ is at the origin, while at x = 0, y = y0 is
located another dipole ~¹ 2 = ¹ 2x̂.

14
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a. What is the magnetic ¯eld at the site of ~¹ 2 due to ~¹ 1?

b. Find the energyof the systemusing y0 = :04m, ¹ 1 = :5J T¡ 1 and
¹ 2 = :6J T¡ 1.

u
`

2

u
`

1

y0

Brief Answ ers:

1. a. ~¿ = ~¹ £ ~B

(i) ~¿ = ¹ x̂ £ B0ŷ = ¹B 0ẑ.
(ii) ~¿ = ¹ ŷ £ B0ŷ = 0.
(iii) ~¿ = ¡ ¹ x̂ £ B0ŷ = ¡ ¹B 0ẑ.
(iv) ~¿ = ¡ ¹ ŷ £ B0ŷ = 0.

b. Ep = ¡ ~¹ ¢~B .

(i) Ep = ¡ ¹B 0x̂ ¢ŷ = 0.
(ii) Ep = ¡ ¹B 0ŷ ¢ŷ = ¡ ¹B 0.
(iii) Ep = ¹B 0x̂ ¢ŷ = 0.
(iv) Ep = ¹B 0ŷ ¢ŷ = ¹B 0.

c. W = (¡ ~¹ ¢~B )µ= µB ¡ (¡ ~¹ ¢~B )µ= µA .

(i) W = ¡ ¹B 0 ¡ 0 = ¡ ¹B 0.
(ii) W = 0 ¡ 0 = 0.
(iii) W = 0 ¡ (¡ ¹B 0) = ¹B 0.

2. a. Ep = ¡ ~¹ ¢~B = ¡ (¡ 10¡ 2 m2 s¡ 1 C) x̂ ¢(50T) ŷ = 0.
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b. ~¿ = ~¹ £ ~B = (¡ 10¡ 2 m2 s¡ 1 C) x̂ £ (50T) ŷ = ¡ 0:5N m ẑ,
where we have used: T = kgs¡ 1 C¡ 1.

3. ~B = km

·
3¹ x̂ ¢r̂

r 5 ¡
¹ x̂
r 3

¸
.

At a: ~r = y0ŷ; ~B = km

·
3¹y 0(x̂ ¢ŷ)y0ŷ

y5
0

¡
¹ x̂
y3

0

¸
= ¡ km

¹
y3

0
x̂.

At b: ~r = x0x̂; ~B = km

·
3¹x 0(x̂ ¢x̂)x0x̂

x5
0

¡
¹ x̂
x3

0

¸
= 2km

¹
x3

0
x̂.

At c: ~r = ¡ y0ŷ; ~B = km

·
¡ 3¹y 0(x̂ ¢ŷ)( ¡ y0ŷ)

y5
0

¡
¡ ¹ x̂
y3

0

¸
= ¡ km

¹
y3

0
x̂.

At d: ~r = ¡ x0x̂; ~B = km

·
¡ 3¹x 0(x̂ ¢x̂)( ¡ x0x̂)

x5
0

¡
¹ x̂
x3

0

¸
= km

¹
x3

0
x̂.

4. At a:
~B = ¡ km

¹ x̂
y3

0
= ¡

(10¡ 7 T m C¡ 1s)(2m2s¡ 1C) x̂
(0:01m)3 = ¡ 0:2 x̂ T.

At b: ~B = km
¹ x̂
x3

0
=

(10¡ 7 T m C¡ 1s)(2m2s¡ 1C) x̂
(1=2)(0:01m)3 = 0:4x̂ T.

At c: ~B = ¡ 0:2 x̂ T.

At d: ~B = +0 :4x̂ T.

5. a. Ep = ¡ ~¹ ¢~B = ¡ ¹B 0 cos30± = ¡ 0:866¹B 0.

b. j~¿j = j~¹ £ ~B j = ¹B 0 sin30± = 0:5¹B 0.

6. ~¹ = ¹
x̂ + ŷ
p

2

At a:
~B = km

·
3¹y 0ŷ
p

2y5
0

¡
¹
y3

0

x̂ + ŷ
p

2

¸
= km

p
2¹

2y3
0

(¡ x̂ + 2ŷ)

7. ¿ = ¹B 0 sinµ; Ep = ¡ ¹B 0 cosµ

so sinµ = ¡ cosµ which meansµ = 135± or 315±

W = ¡ ¹B 0(cos0± ¡ cos135±) = ¡ 1:707¹B 0.

W = ¡ ¹B 0(cos0± ¡ cos315±) = ¡ 0:239¹B 0.

16
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8. a. ~¹ = ¹ ŷ; ~r = x0x̂

~B = km

·
(3~¹ ¢~r )~r

r 5 ¡
¹
r 5

¸
= km

·
0 ¡

¹ ŷ
x3

0

¸
= km

¹
x3

0
ŷ.

b. Ep = ¡ ~¹ ¢~B = ¡ ¹ 2ŷ ¢
·
¡ km

¹ 1

x3
0

ŷ
¸

= km
¹ 1¹ 2

x3
0

.

c. Ep =
(10¡ 7 m kgC¡ 2)(2 m2s¡ 1C)(3 m2s¡ 1C)

(5 £ 10¡ 2 m)3 = 4:8 £ 10¡ 3 J.

9. a. ~¿ = ¹ y B0ẑ.

b. Ep = ¡ ¹ x B0.

c. W = ¡ ¹B 0 + ¹ x B0,

¹ =
q

¹ 2
x + ¹ 2

y .

10. a. ~B = 2km
¹ 1

y3
0

ŷ.

b. Zero.
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SPECIAL ASSIST ANCE SUPPLEMENT

S-1 (fr om TX-3)

T = tesla =
m kgC¡ 2

m C¡ 1 s
= kgs¡ 1 C¡ 1.

T is the SI unit for magnetic ¯elds.

S-2 (fr om TX-5b)

W = ¡ ¹B (cosµB ¡ cosµA )
J = (units of ¹ ) T
units of ¹ = J T¡ 1 = ( kgm2 s¡ 2)=( kgs2 C¡ 1) = m2 s¡ 1 C.
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MODEL EXAM

1. Explain how there can be magnetic dipolesin nature while there don't
seemto be magnetic monopoles.

2. For both electric and magnetic dipoles, write the corresponding ex-
pressionsfor torque, work, potential energyand ¯eld.

3. A point dipole with magnetic moment ~¹ = ¹ x x̂ + ¹ y ŷ is in an external
magnetic ¯eld ~B = B0x̂.

a. What is the torque on the dipole?

b. Find the potential energyof the dipole.

c. How much work must be done to reorient the dipole so it points in
the direction of the ¯eld?

4. A point dipole ~¹ 1 = ¹ 1ŷ is at the origin, while at x = 0, y = y0 is
located another dipole ~¹ 2 = ¹ 2x̂.

a. What is the magnetic ¯eld at the site of ~¹ 2 due to ~¹ 1?

b. Find the energy of the system using y0 = 0:04m, ¹ 1 = 0:5J T¡ 1

and ¹ 2 = 0:6J T¡ 1.

u
`

2

u
`

1

y0
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Brief Answ ers:

1. Seethis module's text.

2. Seethis module's text.

3. SeeProblem 9 in this module's ProblemSupplement.

4. SeeProblem 10 in this module's ProblemSupplement.
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